Abstract-Inside a femtosecond laser oscillator, no coupling mechanism between the propagation speeds of the carrier and the pulse envelope exists. Therefore, the relative delay between carrier and envelope of a femtosecond oscillator will exhibit irregular fluctuations unless this jitter is actively suppressed. Both intensity and beam pointing fluctuations in the laser can introduce carrier-envelope phase changes. Based on our analysis, we are capable of reducing or avoiding certain mechanisms by proper design of the laser cavity. We use such an optimized cavity to stabilize the carrier envelope-phase to an external reference oscillator with a long-term residual jitter corresponding to only 10 attoseconds in a (100 kHz-0.01 Hz) bandwidth. This is the smallest long-term timing jitter of a femtosecond laser oscillator demonstrated to date. However, it is important to note that this stabilization was obtained with an -to-2 heterodyne technique using additional external spectral broadening in a microstructure fiber which introduces additional carrier-envelope phase noise. We present a direct heterodyne measurement of this additional carrier-envelope phase noise due to the continuum generation process.
I. INTRODUCTION

P
ROGRESS in ultrashort pulse generation [1] has reached a level where the slowly varying envelope approximation starts to fail. Pulse durations of Ti:sapphire laser oscillators have reached around 5 fs, which is so short that only about two optical cycles of the underlying electric field fit into the full-width half maximum (FWHM) of the pulse envelope ( Fig. 1 ) [2] , [3] . Similar pulse durations but much more energy can be obtained from hollow fiber pulse compression [4] and synchronously pumped optical parametric oscillators [5] . More recently, even shorter pulses of 3.8 fs have been achieved with adaptive pulse compression of a cascaded hollow fiber supercontinuum [6] . These are currently among the shortest pulses generated in the visible and near-infrared spectral regime. For such short pulses the maximum electric field strength depends strongly on the exact position of the electric field with regards to the pulse envelope, i.e., the carrier envelope offset (CEO) [7] . In passively modelocked lasers this carrier envelope offset is a freely varying parameter because the steady-state boundary condition only requires that the pulse envelope is the same after one round trip. Therefore, the CEO phase may exhibit large fluctuations, even when all other laser parameters are stabilized. We have discussed the physical origin of these fluctuations before [8] , [9] and will review them later in this paper. Because nonlinear laser-matter interaction depends strongly on the strength of the electric field, these CEO fluctuations cause strong signal fluctuations in nonlinear experiments such as high harmonic generation [10] , attosecond pulse generation [11] , photoelectron emission [12] , etc. Different techniques have been proposed to measure the CEO frequency in the time domain [13] and in the frequency domain [7] . The frequency domain technique is much more sensitive and is generally the technique that is being used today. Using the -to-2 heterodyne technique with additional external spectral broadening [14] , [15] we achieved a long-term CEO stabilization with residual 10-attosecond timing jitter which corresponds to 0.025 rad rms CEO phase noise in a (0.01 Hz-100 kHz) bandwidth. The -to-interference technique requires an octave-spanning spectrum. So far, all attempts to utilize an octave spanning spectrum directly from a laser source for measuring the CEO frequency with an -to-scheme have only reached unsatisfactory control of the CEO frequency, which was mainly caused by poor signal strength [16] . Recently, a 2 -to-3 scheme with an improved signal to noise ratio (SNR) and CEO phase-locking capability was presented [17] . However, the published SNR is inferior to those routinely achieved with measurement setups employing externally broadened spectra. Therefore, most experiments employ additional spectral broadening, e.g., in an external microstructure fiber. The continuum generation process with its strong nonlinearity, however, introduces additional CEO noise. It is important to note that the CEO stabilization is achieved for the pulses after the microstructure fiber, which means that the pulses directly from the Ti:sapphire laser will exhibit excess CEO phase noise even with a perfectly working CEO stabilization. In our experiments, we observed typical phase drift values of about 1.2 rad/mW oscillator power fluctuations, as will be discussed in more detail later in this paper.
II. CEO FREQUENCY
In the following, we restrict our discussion to the frequency domain technique [7] . In the time domain the passively modelocked pulse from a Ti:sapphire laser can be described as (1) where is the electric field wave packet, is the (angular) carrier frequency which is the center of gravity of the mode-locked spectrum, the pulse envelope, and the absolute phase of the pulse (Fig. 1) . Inside the cavity the carrier propagates with phase velocity , whereas the envelope propagates with the group velocity .
For , both phases evolve equally with time, i.e., , and the electric field pattern is repeated at the pulse repetition period (2) Mathematically, the reproducing field is described by the convolution of the pulse with a delta comb function. In the frequency domain this corresponds to the spectrum of (3) The spectrum of the pulse train for which an equidistant frequency comb is formed underneath the single pulse spectrum is shown in Fig. 2 for . The comb lines are spaced by the pulse repetition frequency and are given by integer multiples of , which mathematically corresponds to the delta comb function in (3) . Note that a measurement of a single pulse spectrum would result in a continuous pulse spectrum without the frequency comb. Generally, because group and phase velocity inside the cavity both depend on the material and angular dispersion inside the cavity. When a pulse propagates through a dispersive medium with refractive index and length , its Fourier components experience a phase shift (4) Fig. 2 . Equidistant frequency comb of a mode-locked laser for equal group and phase velocities, i.e., the electric field pattern reproduces from pulse to pulse. Comb lines are are integer multiples of .
where is the wave number and the vacuum speed of light.
From the fundamental definitions of phase velocity and group velocity one finds that
Combining (4) and (5), we can calculate the phase lag between the pulse envelope and the carrier by integrating along the beam path of one cavity round trip (6) It is striking that this group-phase offset (GPO) only arises from the first-order dispersion of the material along the beam path. In a laser cavity, GPO contributions of all intracavity components add up. For a typical Ti:sapphire laser cavity the GPO contribution of the crystal alone is on the order of 1000 radians with additional components from mirror dispersion and the air path. Moreover, geometrical dispersion, i.e., a spectrally dependent path length, may add to the cavity round trip if elements such as prisms or gratings are used.
From (6) it follows that the group-phase offset phase changes by per round-trip time , i.e.,
As group-phase offsets of integer multiples of do not change the electric field pattern of a laser pulse, the quantity of interest is (8) which describes the change of the carrier-envelope offset phase in (1) per round trip. Even tiny variations of the intracavity material properties can give rise to variations of due to the large value of . The pulse-to-pulse fluctuations of are extremely small as they correspond to changes during one round-trip time. However, for extended observation times these tiny variations may well add up to significant changes (see also the discussions concerning the observation time in Section VI). of three subsequent pulses from a mode-locked laser, i.e., the time-domain picture of the comb in Fig. 4 . Envelope is shown as dashed lines. Here, the electric-field patterns of the pulses experience a constant pulse-to-pulse phase shift while the value of increases with time. Fig. 4 . Equidistant frequency comb of a mode-locked laser. Comb lines are spaced by the repetition rate and exhibit a nonvanishing offset frequency at zero frequency unless the electric field pattern exactly reproduces from pulse to pulse (compare to Fig. 3 ). Note the difference to the case of a vanishing CEO frequency as depicted in Fig. 2 .
We define the (angular) carrier-envelope offset frequency as (9) Taking into account the varying carrier-envelope offset phase the electric field of the pulse train becomes (see Fig. 3 ) (10) Using the Fourier shift theorem we can obtain the expression for the frequency domain (11) The whole equidistant frequency comb of (3) is shifted by due to the per round-trip carrier-envelope offset phase shift of . Fig. 4 depicts the spectrum of such a pulse train where we observe an equidistant frequency comb. All frequencies of the comb can be calculated from the simple equation (12) The frequency comb spacing is equidistant and given by the round trip propagation time of the pulse envelope (i.e., by the group velocity and not the phase velocity). This means that the axial modes of a modelocked laser are not the same as the ones from a continuous wave (cw) laser for which the phase velocity determines the axial mode spacing.
The uniformity of the mode-locked frequency comb has been demonstrated to a relative uncertainty below 10 [18] . Timing jitter in the arrival time of the pulses [19] - [22] produces a "breathing" of the otherwise fully equidistant frequency comb. On the other hand, the timing jitter of the CEO results in a translation of the full frequency comb.
III. MEASUREMENT OF CEO FREQUENCY
Even though a measurement of the repetition rate is straightforward, it is virtually impossible to access the CEO frequency directly, as the laser spectrum contains no energy close to zero frequency. One, therefore, has to use an indirect way to measure the second comb parameter via heterodyning of two pulse harmonics.
Let us examine a single pulse from the laser pulse train in the time domain. The electric field of the pulse can be described by (1) where is the absolute phase of the pulse. This absolute phase must not be confused with the previously defined CEOphase, which was introduced as the absolute phase difference of two subsequent pulses. For a fixed phase shift for a single pulse at a fixed position in space, we can determine the pulse spectrum from (1) (13) The field of the second-harmonic of is then written as (14) where the proportionality factor includes the second-order susceptibility and a constant phase shift. Note that the secondharmonic field is centered at twice the fundamental carrier frequency . The main conclusion is that absolute phases add up in a sum frequency generation and subtract in difference frequency generation. The latter has been exploited in optical rectification [23] . Difference frequency generation within one frequency comb cancels out the absolute phases of the generating pulses, which has also been demonstrated in mid-IR pulse generation [24] , [25] . As the optical rectification process can be understood as difference frequency generation between spectral components from one and the same pulse, absolute phases subtract in optical rectification, which can be employed to synthesize terahertz or mid-IR pulses with a static absolute phase. Parametric amplification may also be used to generated pulses with static [26] . Let us now consider a delayed superposition of both fields, and , at a frequency in the area of spectral overlap of the two harmonics (15) Fig. 5 . Practical scheme for determining the CEO frequency of a laser comb. Scheme is based on (19), i.e., the case of heterodyning the fundamental and the second harmonic. Graphically, this scheme mirrors the origin at , transferring the beat from dc into a region with nonvanishing spectral content.
In the following, we will focus our interpretation on the cosine term in (15) . This term gives rise to a spectral interference pattern if the delay is chosen a nonzero value. In principle, detection of this interference signal should allow for the determination of the absolute phase . Dispersive effects, however, will typically prevent a direct determination of the absolute phase using spectral interferometry. Still, this method allows monitoring shot-to-shot changes of , as has been described in [27] and [28] . Equation (15), therefore, holds the key for single-shot measurement of the CEO phase change in amplified laser systems.
Spectral interferometry cannot be directly used with typical laser oscillators because of the high repetion rates of oscillators. Therefore, we need to reconsider (15) and extend it to the multipulse case. Let us adjust and assume a linearly evolving absolute phase (10) which corresponds to a constant shot-to-shot phase difference . In this case, the interference term in (15) gives rise to a beat signal with constant frequency . This beat signal is exactly synchronous with relative phase changes between carrier and envelope of the pulse propagating through the laser cavity.
Note that none of the discussed methods allows determination of the absolute phase. In fact, all methods discussed so far only monitor changes of the absolute phase with time. Based on the previous discussion, the -to-heterodyne scheme can be understood in a more figurative way if we consider heterodyning of two combs (Fig. 5 ) [7] . The laser comb consists of lines located at individual frequencies (16) Selecting some low-frequency portion of the comb and frequency doubling it gives rise to the comb (17) If the fundamental comb spectrum covers more than an optical octave it will also contain modes at (18) Beating the combs of (17) and (18), therefore, extracts the CEO frequency from the comb spectrum (19) Note that this requires an octave-spanning spectrum, i.e., . The above procedure can be extended to the more general case of beating the th and the th harmonics of the comb spectrum. This yields as the beat signal and requires the comb spectrum to include a frequency ratio of . Other more economic ways to deal with nonoctave-spanning spectra, such as transfer oscillators and interval bisection, are described in [7] . Another way of generating the necessary spectral width for application of the fundamental-SHG beating scheme is to use spectral broadening via self-phase modulation (SPM). This can be understood fully analogously to the previously discussed schemes of three-wave interaction. In SPM, three input waves of a frequency comb are mixed to yield a new component via four-wave interaction in a nonlinearity (20) It is fairly obvious that this process can generate new frequency components while still maintaining the original CEO frequency of the comb. Note that the same argumentation holds for the case of low-repetition rate sources, which are CEO-tracked by spectral interferometry [27] , [28] .
IV. -TO-2 CEO HETERODYNING TECHNIQUE
The general setup of a CEO tracking scheme is depicted in Fig. 6 . In nearly all cases, the laser source is initially broadened employing either microstructured fibers [29] or hollow gas-filled fibers [30] . Subsequently, one generates two different harmonics from the spectrally broadened beam. For simplicity, the fundamental and the second harmonic are most frequently used. The two harmonics are then heterodyned in an interferometer as shown in Figs. 5 and 8. It depends on the application whether to slightly unbalance the arm lengths in the Michelson interferometer and then detect the entire spectrum [27] or to match the arm lengths and detect the interferometer output with a single photo detector [7] . The latter approach is used to measure the CEO frequency of a laser oscillator, and it is only useful for laser repetition rates in the megahertz range. The former approach of spectral interferometry can track CEO-phase changes from pulse to pulse but requires detection of single-shot spectra. The spectral interference pattern needs to be static for the exposure time of the spectrometer array, as otherwise the interference contrast will vanish. This restricts the use of the former method to repetition rates in the kilohertz range and below. Fig. 7 shows a typical rf spectrum measured by the cw heterodyning setup. The CEO beat note and its mirror frequency are clearly visible at 25 and 62 MHz. The measured signal level is 40 dB above the noise floor in a 100-kHz bandwidth. In our experiments, we found a signal level of about 30 dB in a 100-kHz measurement bandwidth necessary for reliable locking of the carrier-envelope offset frequency. Note that a smaller measurement bandwidth reduces the noise level with respect to the CEO beat signal but does not improve the stabilization because the CEO frequency stabilization needs a large bandwidth (see Section VI). In some early experiments, we observed that this beat frequency may change very rapidly by up to several megahertz in 1 s. This behavior is already strongly reduced by enclosing the laser in a box. Excursions of the CEO frequency are further decreased in a prismless laser setup. With these improvements and still without any active stabilization, the CEO frequency stays within a 500-kHz interval for observation times of several minutes. The major contribution to residual fluctuations are slow drifts of environmental parameters like air pressure, crystal temperature, etc. (Fig. 8) .
V. PHYSICAL ORIGIN OF CEO FREQUENCY FLUCTUATIONS
As will become clear in the following experimental sections, the CEO frequency is an extremely sensitive parameter, which will strongly respond to the slightest environmental changes of the laser cavity. The CEO frequency can display excessive fluctuations in unstabilized femtosecond oscillators. Control of the CEO phase with a rigid lock to an rf reference is, therefore, very important not only in frequency metrology but also for nonlinear optics applications as already discussed in the introduction. For better stabilization it helps to understand the physical origin of these CEO fluctuations [8] , [9] , which are mainly caused by variations of intracavity dispersion. In this section, we will investigate how changes of dispersion affect the CEO frequency.
Any change of the linear intracavity dispersion will affect the via (6) and give rise to a variation of the CEO frequency. Changes of the cavity length, e.g., may also affect the CEO frequency via its dependence on the repetition rate. However, this effect is typically orders of magnitude weaker than contribution from dispersion. It should be noted that the connection between dispersion and the CEO frequency gives rise to coupling of laser power noise to CEO fluctuations via nonlinear optical effects. However, one can also employ the very same coupling to counteract fluctuations of the CEO frequency and to achieve active control of this laser parameter. A more detailed discussion is given in our previous publications [8] , [9] .
VI. CEO NOISE MEASUREMENTS
To quantify the strength of CEO fluctuations in a Ti:sapphire laser, we set up the heterodyne detection scheme described in detail before. In most of the experiments, we use a Ti:sapphire oscillator similar to the setup described in [2] . One variant of the laser uses a sequence of two fused silica prisms in combination with chirped mirrors for dispersion compensation. Alternatively, we use the same laser converted to a prismless scheme, in which only chirped mirrors are employed for dispersion compensation. Both lasers deliver pulses in the 10-20-fs duration regime with a few 100 mW of output power. For the calculation of amplitude-to-phase coupling effects the peak intensity inside the 2.3-mm-long Ti:sapphire gain crystal is the decisive parameter. This value was calculated from the spatial and temporal pulse parameters as 4.5 10 W/cm for the laser with prisms and 10 W/cm for the prismless laser. Except for the mirrors used in the laser, the pump geometry and the mechanical setup have been left widely unchanged to allow for a comparison of the two lasers.
We electronically convert the CEO frequency into a voltage, employing a phase-locked loop. This voltage is then spectrally analyzed by a dynamic signal analyzer (HP3562A). Multiplying the measured voltage noise by the conversion factor of the frequency-to-voltage converter yields the single-sideband frequency noise density in units Hz Hz versus offset frequency . Fig. 9 shows measurements of the CEO frequency noise of the free-running laser with intracavity prisms and the prismless laser with and without stabilization. All measurements are composed of several sweeps with different spectral resolutions and are combined in a logarithmic plot, covering the range from 1 Hz to 100 kHz. The noise spectra typically show some discrete components at line frequency harmonics and a broad background reaching up to several kilohertz offset frequency. The laser with intracavity prisms shows by far the worst noise behavior with a pronounced maximum centered at about 500 Hz. The prismless laser shows a more than ten times improved passive stability. An explanation of this dramatic reduction is given by additional contributions from beam pointing variations, which can translate into CEO phase noise if intracavity geometrical dispersion compensation elements are present [8] , [9] . As prism or grating sequences employ wavelength-dependent beam deflection to generate a negative dispersion, beam pointing variations will couple into changes of the dispersion, including first-order dispersion. This effect is avoided in prismless cavities, which only use chirped mirrors for dispersion compensation.
A further reduction of the noise can be achieved with active stabilization, which is shown for comparison and will be discussed below.
Let us assume that the CEO frequency has been monitored for a time period , resulting in a value . If we compare the measurements of the instantaneous CEO phase with a linearly evolving phase , jitter of the laser may lead to an instantaneous phase deviation (21) Fig. 10 . Root mean square phase noise for the three cases shown in Fig. 9 . Top trace (unstabilized laser with prisms) and middle trace (unstabilized prismless laser) have been directly integrated from the measurements in Fig. 9 according to (23) . Bottom trace for the prismless stabilized laser is independently measured using homodyne detection employing an rf lockin.
From measurements of , one can derive an estimation of the phase fluctuations for any given measurement period (22) The quantity can also be obtained by analyzing the fluctuations in the frequency domain, i.e., measuring the amount which characerizes how much fluctuates at a given Fourier frequency during the observation period (23) with being the lowest and the highest possible Fourier frequency during the observation time . The phase noise density can be computed from the measured frequency noise density as 1 (24) Data for the integrated phase noise determined from Fig. 9 by using (23) is shown in Fig. 10 . The integration is always carried from a variable lower bound to an upper bound . The upper bound is determined by the detection bandwidth and can be as high as the pulse repetition frequency . The lower bound is determined by the measurement duration or integration time as discussed above. The longer the measurement takes, the lower is. Given the rapid noise rolloff toward high frequencies, the bandwidth of our analyzer does not appear to obscure significant contributions to the rms phase jitter. The data in Fig. 10 renders a graphical display for the severity of the CEO phase noise issues. In the unstabilized lasers, the CEO phase noise exhibits a divergence toward zero frequency, roughly following a dependence. A cumulated phase noise is already reached at observation times below 1 ms. If the linear trend of the phase versus time is known from a CEO frequency measurement, the jitter in an unstabilized laser will totally wash out the CEO phase within a fraction of 1 ms. Any experiment that will require a constant or controlled CEO phase for longer than 1 ms will require an active stabilization of this quantity.
We can also conclude from Fig. 10 that CEO phase fluctuations have rather high-frequency components compared to timing jitter of the pulse repetition period [19] - [22] . Typically solid-state lasers only exhibit significant timing jitter of the arrival time of the pulses below 1 kHz [20] , [31] . Therefore, we will require a minimum control bandwidth of several kilohertz to establish an active servo lock to stabilize the timing jitter of the CEO phase. This clearly favors acousto-optic or electrooptic mechanisms for setting the CEO frequency.
VII. CONTROLLING THE CEO FREQUENCY OF A FEMTOSECOND LASER
The question arises as to what mechanisms can be used to counteract fluctuations of the CEO frequency. Such a means of control is the prerequisite for any type of active stabilization. The problem in CEO stabilization is less a problem of finding an effect to control the CEO frequency, but more one of selectively and rapidly changing only this laser pulse parameter.
Tilting of the end mirror of the prism arm of the laser was described as one of the first methods to adjust the CEO frequency [32] . This method has the advantage of minimum impact on other laser pulse parameters, but it is limited by the inertia of the mirror. Mirror tilting is actually an example for group-phase offset contributions from geometrical dispersion [33] . Unfortunately, this method cannot be used in a prismless laser setup.
The CEO frequency can also be changed by an adjustment of the laser pump power as was first proposed in [13] . Originally, the change of CEO frequency with pump power was explained by a common-mode shift of the laser spectrum. Together with the intracavity dispersion, this type of laser dynamics would give also rise to a changing CEO-phase. Nevertheless, such a spectral shift is not observed in all mode-locked lasers. A similar effect also arises from group-phase contributions from the Kerr-effect. Here, the varying peak power of the intracavity pulses affects the dispersive properties of the gain medium [8] , [9] . Fig. 11 shows a transfer function, i.e., the measured change of CEO frequency induced by an acousto-optic amplitude modulator, which is located between pump laser and the Ti:sapphire laser. The transfer function displays a reduction of the coupling coefficient from about 10 Hz m /W to 10 Hz m /W. We attribute coupling of the intracavity peak power and CEO phase mainly to intensity-induced changes of the refractive index. At low frequencies, contributions from a thermally induced index change may be present, which disappear at higher modulation frequencies. In the latter case, only contributions from the electronic contribution to the refractive index, i.e., the Kerr effect, Fig. 11 . Transfer function from intracavity intensity modulation to CEO frequency change for the range from 10 Hz to 50 kHz. Modulation is induced by an acousto-optic modulator between pump laser and a Ti:sapphire oscillator. Pump laser modulation is converted to units of the peak intensity change inside the laser crystal. CEO frequency was monitored employing the scheme described in Section IV.
will appear. It is well known [34] that a temperature change affects the group index and the phase index of a material in a different way. This causes a thermally dependent group-phase offset and affects the measured CEO frequency according to (9) .
Normally, the Kerr effect is treated in a nondispersive way [35] , which totally suffices to describe isolated effects of either the envelope or the phase. Nevertheless, it has to be anticipated that intensity-induced as well as temperature-induced electronic group and phase changes are not identical. This means that the Kerr effect also exhibits an intensity-dependent group-phase offset. From the previous discussions it becomes clear that we have to deal with the difference between group and phase delays or the linear dispersion of the Kerr effect. The dependence of the nonlinear refractive index versus wavelength has been subject of both experimental [36] and theoretical investigations [37] .
Based on the theoretical model for the spectral dependence in [37] , one can define a nonlinear contribution to the GPO as (25) where is the intensity in the Kerr medium. This contribution has to be put in relation with the SPM-induced phase shift (26) For sapphire at 800-nm center wavelength, one calculates cm /W. This means that the contribution of the Kerr nonlinearity to the group-phase offset is about five times smaller than SPM assuming cm /W [35] , [37] . Plugging in numbers for the experimental conditions of Fig. 11 , one further estimates Hz per W/cm . This agrees well with the measured value Hz cm /W in Fig. 11 .
VIII. CEO PHASE LOCK
The schematic setup of the servo loop in our experiments is depicted in Fig. 6 . The measured CEO beat signal is first electronically cleaned by suitable band-pass filters and then amplified. The processed signal is mixed with a reference oscillator using a double-balanced mixer (MiniCircuits ZP3). The loop is closed by feeding the intermediate-frequency signal into the input of the acousto-optic pump power modulator. It is important to adjust the overall loop gain for a sufficient phase margin. This suppresses the parasitic oscillation of the stabilization scheme.
In the case of active stabilization of the CEO frequency, a direct measurement of the phase noise density with an rf lock-in is generally far superior to the frequency-to-voltage conversion scheme described before. As a phase reference is available, a homodyne measurement provides much more reliable information at low offset frequencies. These homodyne noise measurements can be easily extended into the megahertz range. We directly measured the phase noise jitter with a Stanford SR844 rf lock-in (phase sample frequency 20 kHz). This data is also shown in Fig. 10 and can be easily compared with the measurements of the free-running laser. Our measurements indicate that the measured CEO phase of the stabilized oscillator is always kept within an rms range of 25 mrad relative to the reference oscillator, up to integration times of one minute. Translating this phase jitter back to a timing jitter, one finds that a 25-mrad jitter corresponds to a relative timing jitter between carrier and envelope (27) of less than 10 attoseconds. It has to be emphasized that such a rigid lock can only be achieved with a double-balanced mixer, but not by phase locks with extended phase locking range, as have been used by other groups [16] . The tradeoff is that the more rigid lock also requires a higher passive stability of the laser.
While a residual jitter of 10 attoseconds is clearly the lowest value reported in literature for extended observation times, one has to be well aware of the limitations of the measurement scheme employed. First, it has to be noted that in the above measurements, the noise diagnostics and the stabilization circuitry were completely separated to allow for an independent check of the quality of the stabilization. However, the optical part of the measurement setup was not duplicated in these experiments. In particular, air turbulence in the Michelson interferometer may cause spurious drift components to the measured signal. We expect this not to be a severe effect, and it can be easily avoided by switching to a common path interferometer as used in single shot CEO measurements.
Another spurious contribution arises because of amplitude-to-phase coupling effects inside the microstucture fiber (MSF). These effects originate from the strong nonlinearity of the continuum generation process. Even tiny variations of the pulses entering the MSF can cause major changes of the spectral phase of the supercontinuum [38] and thus alter the measured CEO signal even though the CEO frequency of the oscillator was constant. Thus, strictly speaking, only the pulses exiting the microstructure fiber are CEO stabilized, but not those entering the fiber, which exhibit an additional CEO phase noise contribution.
For a measurement of the strength of contributions from amplitude-to-phase conversion in the fiber, we track the phase difference between two differently implemented CEO frequency measurement schemes (see Fig. 12 ). One of these schemes generates the second harmonic from the light that propagated through the fiber, the other scheme generates the second harmonic directly from the oscillator output. The latter second harmonic, therefore, has not experienced any amplitude-to-phase coupling artifacts in the microstructure fiber. Both second harmonics are heterodyned with corresponding fundamental portions of the fiber continuum, as described in Section III. To ensure full independence of both measurement setups and for maximum signal-to-noise ratio, we used different wavelengths for the two independent heterodyning schemes. In the following, the scheme that employs SHG from the laser oscillator will be referred to as the "blue" scheme, the other one the "green" scheme.
In the experiments, a 4-cm piece of a microstructure fiber manufactured by Crystal Fibers is employed for continuum generation. The CEO frequency of the free-running oscillator is coarsely adjusted to 30 MHz by tilting an Brewster-angled intracavity glass plate, which is also used for fine tuning of intracavity dispersion. Both RF CEO frequencies, green and blue, are mixed with the same 29.8-MHz local oscillator using double balanced mixers (MiniCircuits ZP3) and low-pass filtered, resulting in downshifted frequencies at about 200 kHz. Due to the symmetric mixing scheme employing the same local oscillator, phase differences between the "green" and "blue" CEO frequencies are conserved in the downshifted IF signals. Both signals are then simultaneously digitized with a 12-bit resolution at a 6.7 MSa/s sampling rate. Finally, the phases of both 200-kHz IF signals are retrieved by a Fourier filtering technique [39] . Fig. 13 shows a typical example of such a measurement on the free-running laser. The two different detection schemes accumulate a phase difference of a few radians in an observation time of 2.5 s.
It is important to note that this phase drift is a relatively weak effect, compared to the phase fluctuations of the free-running oscillator itself, which easily accumulates 1000 times more phase jitter in the same time interval. Nevertheless, the drift effect in the detection is significant compared to the residual jitters observed in the stabilization experiments. Generally, a phase difference between two independent CEO measurement schemes could also stem from a slight relative phase drift of the two separate interferometers. To isolate nonlinear drift contributions from fiber nonlinearities, we modulate the oscillator power at a perturbative level of less than 0.1%. The signal then shows oscillations at the modulation frequency, which is a clear proof of peak power-dependent contributions from nonlinear amplitude-to-phase-coupling processes to the measured CEO frequency signals. Fig. 13 shows spectra of and the laser power. Apart from the sharp needle at the modulation frequency of 1.8 kHz, the noise floor of both spectra exhibits a strong similarity. This similarity further supports the importance of amplitude-to-phase conversion in the microstructure fiber. Evaluating a series of measurements, we compute coupling coefficients per oscillator peak power change ranging from 1 to 1.6 rad/mW with an average value of 1.17 rad/mW. The rms power noise of the noise floor of spectrum depicted in Fig. 13 (without the peak at 1.8 kHz) is evaluated as 0.17 mW (6 Hz-5 kHz). With the coupling constant of 1.17 rad/mW, even such a small jitter already translates to 0.2-rad rms phase noise between the two CEO measurement paths, introduced solely by amplitude-to-phase conversion of intrinsic laser noise.
As a consequence, one should always try to use the continuum directly for an experiment to avoid phase jitter in the fiber itself, be it in metrology or in extreme nonlinear optics. This between the "green" and "blue" CEO frequency without pump power modulation. Phase drifts exhibits a slow drift which is very dependent on the environmental circumstances but on the order of 1 rad/s. Additional oscillation with an amplitude of about 1 rad is present due to amplitude-to-phase coupling from pronounced low-frequency laser power noise (compare to Fig. 13 ).
further encourages use of sources that generate the necessary bandwidth directly, which, however, exhibit other drawbacks: a -toscheme demonstrated in [16] performed poorly in terms of phase jitter. The technically more demanding -toscheme used in [17] exhibited an improved phase stabilization, but the low pulse energy due to the 1-GHz repetition rate of the used oscillator is disadvantageous for experiments in the extreme nonlinear optics regime.
If the laser output is used directly, but a continuum generation is used in the CEO-detection scheme, the resulting error budget in our experiments is on the order of 1 rad/s (compare to Fig. 14) with its exact value being strongly dependent on various environmental and laser parameters during the measurement. This value would limit metrological applications to 10 precision if the frequency measurement is not done by beating the fiber continuum with the frequency to be measured. Experiments in extreme nonlinear optics would be restricted to integration times of about 1 s. Even though the CEO stabilization of oscillators was reported to reduce power noise above Fourier frequencies of a few kilohertz [8] , [40] , the large residual power noise at low Fourier frequencies will render the CEO phase of the oscillator pulses fluctuating, regardless of the quality of the CEO stabilization after the microstructure fiber.
In contrast to the measurement scheme demonstrated before [41] , [42] , our scheme did not require a stabilization of the CEO frequency and thus minimized laser perturbations as it does not need any servo loop. Moreover, using only one microstructure fiber avoids measurement errors resulting from differences of the coupling into the fibers as well as from their different properties. In this sense, this data is an improved analysis of amplitude-to-phase coupling effects in continuum generation, the process that is at the very core of nearly every demonstrated CEO measurement reported so far.
IX. ULTRASHORT PULSES AND FREQUENCY METROLOGY
The relative phase between the carrier and the envelope of an optical pulse is the key parameter linking the fields of precision frequency metrology and ultrafast laser physics. As we have discussed in Section II, the spectrum of a mode-locked laser consists of a comb of precisely equally spaced frequencies. The uniformity of this frequency comb has been demonstrated to a relative uncertainty below 10 [18] . Knowledge of only two parameters, the comb spacing and a common offset frequency of all modes, provides one with a set of reference frequencies, similar to the tick marks on a ruler. Any unknown optical frequency within the comb bandwidth is easily compared with the neighboring comb frequencies by heterodyning source and reference on one and the same detector. This greatly simplifies the measurement of an optical frequency, which now requires the measurement of only three radio-frequency difference frequencies. The mode-locked laser provides a phase-locked clockwork mediating between radio frequencies and the Terahertz frequencies of the lines in the optical comb, effectively rendering optical frequencies countable. Details on precision frequency measurements with mode-locked laser combs can be found in [32] and [43] - [46] .
X. CONCLUSION
We have investigated fluctuations of the CEO phase in oscillators and explained some of the major driving forces behind this type of phase noise. From the observations reported so far, four main conclusions have to be drawn. 1) Intracavity prism sequences additionally contribute to the CEO phase noise by a contribution from beam pointing noise. Lasers employing prism sequences for dispersion compensation therefore exhibit much higher CEO noise levels than prismless oscillators. 2) Amplitude fluctuations are coupled into CEO phase variations by various mechanisms, including thermal contributions and nonlinear refraction.
3) The contributions from nonlinear refraction agree well with the dispersion of the Kerr effect based on the theoretical model of [37] . 4) Amplitude-to-phase coupling effects inside the microstructure fiber have to be taken into account when employing oscillator pulses for absolute phase dependent nonlinear experiments or precision metrology. Based on our analysis, we achieved a phase lock of the CEO frequency to an external rf reference oscillator. The residual phase jitter between laser and reference was found to be less than 20 mrad, for integration times up to 1 min. This small jitter corresponds to a timing jitter between carrier and envelope of approximately 10 attoseconds. The demonstrated control of the CEO phase with attosecond residual timing jitters is an important prerequisite for experiments in extreme nonlinear optics and precision frequency metrology.
